Abstract
particle size, manufacturing process and loading conditions). Moreover, microstructural studies While a large number of experimental studies have addressed the complex interplay between 5 microstructure, micromechanisms and resulting overall performance (e.g. fracture toughness), 6 appropriate macroscopic material models for rubber-toughened polymers -and in particular a single void, representing a cavitated rubber particle in ABS, was investigated in [33] . The 
Homogenized model for distributed crazing 7
Various experimental studies, e.g. [2] , [3] , [5] , [6] , [22] , [37] , indicate that the inelastic deformation 8 of rubber-toughened polymers such as ABS under tensile loading to a large extent proceeds 9 by the formation of multiple crazes in the ligament between the rubber particles. The crazes 10 initiate from the rubber particles (stress concentrators) and, under continued loading, they 11 collectively grow into mesoscopic band-like damage zones distributed throughout the material, A macroscopic material point is taken to correspond to a representative volume element
16
(RVE) of the rubber-toughened polymer (Fig. 2a ). As will be motivated in Sect. 2.2 the 17 spherical rubber particles in the present model are assumed to cavitate in the early stage of 18 loading, i.e. prior to the occurrence of crazing; after cavitation they are considered to behave 19 mechanically equivalent to voids. Crazing initiates at time t = t * when the maximum principal 20 tensile stress attains a critical value (Fig. 2b) ; this value will be specified in terms of an effective 1 stress acting on the inter-particle ligament in Sect. 2.2. The craze orientation, defined by the 2 unit normal vector n, is determined by the direction of maximum principal stress at initiation.
3
Under continued loading the crazes develop into several localized damage zones which extend 4 over the ligament between the rubber particles ( Fig. 2c ; see also micrographs in [2] or [28]).
5
The crazed material inside these damage zones consists of numerous thin fibrils spanning the 6 craze-bulk interfaces. Inelastic deformation proceeds by separation of the craze-bulk interfaces 7 (i.e. craze opening) and the damage zones can be considered as cohesive surfaces distributed 8 throughout the RVE. In the current configuration and on the macroscopic level, the kinematics 9 of inelastic deformation is represented by the overall separation vector δ, the craze normal 10 vector n and the average spacing b between the damage zones ( Fig. 2d ).
11
In view of the numerical implementation, it is convenient to formulate the constitutive equa-
12
tions in rate form in the current configuration. Therefore, the macroscopic rate-of-deformation 13 tensor D is additively split into an elastic and inelastic part
The inelastic part of the rate-of-deformation tensor represents the effect of distributed crazing 15 in a homogenized sense and, similar to [15] , is written as
where the separation rate vectorδ =δ n n+δ τ τ incorporates components normal and tangential
17
to the crazes with the tangential unit vector τ specified below. While at the onset of crazing
18
(with the craze orientation n equal to the direction of maximum principal stress) only a normal 19 separation δ n takes place, the representation (2) also accounts for a possible overall inelastic respect the craze orientation according to
and σ being the Cauchy stress tensor. n =δ n0 exp
are adopted here for the normal and tangential craze opening rates, respectively, whereδ n0 ,δ τ 0
10
and A are material parameters and T is the temperature. In the numerical analyses presented 11 later on in the present work, isothermal conditions are assumed. Yet, the incorporation of 12 adiabatic heating with a changing temperature would easily be feasible through the explicit 13 temperature dependence in (4), e.g. following [14] .
14
The quantitiesσ n andσ τ in Eq. (4) are the 'driving stresses' for craze opening in the 15 normal and tangential direction (further discussed in Sect. 2.2) while σ c n (δ n ) and σ c τ (δ n ) denote 16 the corresponding resistances ('craze yield strengths') which are both taken to vary with the 17 craze normal opening δ n . The complete loss of stress carrying capacity due to craze failure is 18 for simplicity assumed here to take place when the total craze opening reaches a critical value
Alternatively, one might consider a cohesive zone formulation with the traction vector being 21 co-axial to the (total) separation vector as suggested by Van 
26
The function σ c n (δ n ) for the resistance against craze widening, i.e. the shape of the traction- where the stress variation along a craze was calculated from the measured craze opening profile 8 indicate stress peaks at the craze tip (i.e. at fibril formation) as well as at the end region of a 9 craze, i.e. prior to fibril rupture. As these are qualitative arguments, the quantitative variation 10 σ c n (δ n ) is admittedly not firmly established. In the present work the expression
is assumed and the adjustable parameters σ 
16
This is phenomenologically described here by the function (see also Fig. 3 )
where h τ is a material parameter. a pivotal role and introduces a characteristic length which has to be related to the craze spacing.
We establish the connection between these quantities by means of simple micromechanical Assuming that all the rubber particles have crazes associated with them, we consider a 19 cubic unit cell of size b 0 containing a single rubber particle which is treated as a void after 20 its cavitation. A craze zone with unit normal n and current width δ n has formed from the 
Owing to the assumption of a single craze per particle, the current spacing between the centre 11 plane of neighboring crazes introduced in Eq. (2) is given as (see Fig. 4 )
Thus, both the rubber particle volume fraction and size are accounted for in the overall inelastic 
The effective stressesσ n andσ τ enter Eqs. (4) as the driving stresses for viscoplastic craze consensus in the literature on this effect we assume here that craze initiation is governed only 22 by principal stress.
23
Other unit cell types (e.g. body centered cubic) may be considered alternatively; yet, this widening; this effect is therefore neglected and f is taken constant.
5
The constitutive model presented above accounts for the microstructure in terms of the 6 physically motivated parameters f, r and δ crit . As further discussed in Sect. 3.2.1, the overall 7 material behavior depends only on the two dimensionless parameters f and r/δ crit . The overall elastic stiffness of rubber-toughened polymers undergoing distributed crazing is 10 affected by the volume fraction of rubber particles, their cavitation, and the amount of crazing.
11
These effects are considered here in a two-step homogenization leading to the 4 th order effective 12 elasticity tensor E * , to be discussed below, governing the macroscopic hypo-elastic relation
where ∇ σ denotes the Jaumann rate of the Cauchy stress tensor.
14 Neglecting for a moment the presence of craze zones, the microstructure of the material
15
consists of an isotropic linear elastic matrix, with bulk and shear moduli K and µ, and dispersed 16 rubber particles, with bulk and shear moduli K r and µ r , respectively. According to the Mori-
17
Tanaka model, see e.g.
[17], the overall isotropic effective moduli can be approximated as
where f denotes the volume fraction of particles and α = 3K/(3K + 4µ) , β = 6(K + much different from that of a glassy polymer, so we simply take K r = K prior to cavitation 22 of the particles and set K r = 0 afterwards. This switch in the effective elastic constants 23 due to rubber particle cavitation is for simplicity assumed to take place at a critical value of In addition, the effective porous medium is considered to experience an evolving damage 3 by distributed crazing. Despite the orientation of crazes, the resulting overall elastic behavior 4 is for simplicity taken to be isotropic since data for the amount of anisotropy due to crazing 5 are currently not available. The effective elastic stiffness E * is -besides its dependence on f 6 through Eq. (12) -assumed to decrease monotonically with increasing craze width δ n according
Physically, the parameter η ≫ 1 reflects the stiffness ratio of bulk polymer and craze matter, and the relation (13) corresponds to an approximation in which the bulk material and the craze 10 are considered to be in series with respect to the principal loading direction (Fig. 4) . However,
11
the parameter η is adjusted to fit experimental data from unloading tests after different amounts 12 of inelastic strain as further discussed in Sect. 3.1.
13
The material model has been implemented as a user subroutine in the commercial finite The material model developed in Sect. 2 addresses the situation of a microstructure with a 21 fine dispersion of rubber particles which cavitate at low stress and give rise to the formation 22 of craze zones (typically not more than one per particle) in the surrounding glassy matrix
23
( Fig. 2b,c ). This is found in some ABS materials (see Fig. 1 ) and rubber-toughened PMMA, The material was provided in extruded sheets of 3 mm thickness from which flat testing 5 specimens were machined with the geometry sketched in Fig. 5a . The experiments were car-6 ried out on a servo-hydraulic testing machine (Instron) at room temperature and at different deformation, the strain in the specimen center region remained fairly homogeneous throughout 14 the tests, i.e. necking did not take place. Since only the strains in the specimen plane were 15 measured, the determination of the current specimen cross section was based on the assump-
16
tion that the strain in thickness direction equals the in-plane transverse strain. Hence, the true (Cauchy) stress σ is computed from the force F , the engineering transverse strain ε tr and the 18 initial (undeformed) cross section A 0 according to
True stress vs. engineering strain curves obtained in this manner are shown in Fig. 6a was fitted so that the overall response of the model with f = 0.2 agrees with the experimental 13 stress-strain curve (Fig. 6a) . The engineering strain in the tensile direction is related to the 14 craze width δ n through ε = σ/E * + δ n /b 0 in view of the small elastic strains σ/E * ≪ 1.
15
According to Eqs. (2),(8) and (9) the critical craze width at failure δ crit is related to the spacing 16 between crazes which scales with the rubber particle radius. From fitting the model response 17 to the experimentally observed failure strain, we obtain a value of r/δ crit = 0.6. This means 18 that craze failure takes place at a craze width of about 80% of the rubber particle diameter, 
10
The widening of distributed crazes on the micro-scale results in a significant amount of 11 dilation in the macroscopic inelastic strain. This can already be conjectured from the small 12 amount of specimen contraction seen in Fig. 5b . As mentioned before, the experimental de- e.g. [9] , [41] , when subjected to macroscopic uniaxial tension, predict overall volume strains of 7 only a few percent of the axial strain and hence deviate much more from the experimental data 8 in Fig. 7b . This emphasizes the role of distributed crazing in ABS even at low stress triaxialities. in the present work assumed to be constant and provides a length scale to which the rubber particles, which both are not accounted for in the present model.
19
As shown in Fig. 8b , the model predicts larger failure strains for smaller values of the 20 rubber particle size r (at fixed δ crit ). This can be explained from the proportionality between to be taken with caution since rubber particle size effects reported from experimental studies 
The issue of an optimal rubber content 1
The main reason for modifying polymer materials with a rubbery phase is to enhance their 2 ductility and fracture toughness. Hence, the quest for an optimal rubber content is of key 3 practical importance. This issue will be briefly discussed here in the framework of the suggested 4 material model for distributed crazing under uniaxial loading; it will be further analyzed in 5 Sect. 4.2 through finite element simulations of the more realistic situation of 3D fracture tests.
6
From the unit cell considerations in Sect. 2.2 the logarithmic macroscopic inelastic strain 7 at failure, i.e. at δ n = δ crit , is given by
The overall stress normal to the craze zones, on the other hand, scales with the rubber content 9 f according to (10) as
where σ c denotes the craze yield strength. If the latter is taken constant for the present 11 considerations, the product w fail = σ n ε fail represents the specific (i.e. per volume) work until 12 failure of the material and can be taken as a measure of toughness. Figure 9 shows w fail This finding might be taken as a theoretical indication for the existence of an optimum rub-5 ber content with respect to the toughness of rubber-toughened polymers undergoing predomi-6 nantly distributed crazing. However, the discussion so far considers homogeneous deformations 7 whereas experimental studies indicating an optimal toughness depending on the rubber con- The enhanced fracture toughness of rubber-toughened polymers corresponds to the formation of 7 a large plastic zone (sometimes referred to as "stress-whitened" owing to its optical appearance) 
11
Also shown by the dashed lines in Fig. 11 is the region inside which rubber particle cavitation the experiments which also appear to display a more stable crack propagation during the final likely to be attributed to the lack of any inelastic deformation mechanism other than crazing 1 in the present material model in which the effect of matrix shear yielding has deliberately been 2 ignored. In fact, the close-up view of a fractured test specimen in Fig. 12b shows a larger 3 degree of plastic deformation at the specimen surface, i.e. at lower stress triaxiality, along with 4 some amount of necking, both being indicative of matrix shear yielding. In the numerical 5 simulations where crazing is considered to be the only inelastic deformation mechanism and 6 stress triaxiality is of minor importance, such a inhomogeneous deformation over the specimen 7 thickness was not observed. of the RVE as
It consists of the volume average of the continuous local deformation gradient plus a contribution 11 due to material separation on the discontinuity surfaces Γ 0 .
12
Motivated by experimental observations on rubber-toughened polymers, e.g. throughout the RVE. This allows to define the average separation vector δ on the RVE through
where |Γ 0 | denotes the total area of the discontinuity surfaces inside V 0 . If we furthermore 
In accordance with the discussion of the model for distributed crazing in Sect. 2.1 we assume 2 that separation on the discontinuity surfaces (crazes) is the only source of inelasticity in the 3 RVE and elastic deformations are locally described by F cont . As a consequence, we define the 4 elastic part of the macroscopic deformation gradient as
Adopting the common multiplicative splitF =F e ·F c of the (macroscopic) deformation 6 gradient into this elastic part and an inelastic partF c due to crazing, the latter is obtained 7 from (19) and (20) as
where ∆ :=F e−1 · δ denotes the pull-back of the (macroscopic) separation vector δ to the in- 
so that with the material time derivative of (21)
we get the inelastic part of the macroscopic velocity gradient the intermediate configuration as
The macroscopic velocity gradient in the current configuration and its elastic and inelastic 
Taking the symmetric part of (27) and omitting the overbar (introduced in this Appendix 4 merely to indicate macroscopic quantities) we recover (1) in conjunction with (2) and (9).
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